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Abstract
In this short note, we generalized an energy estimate due to Malchiodi-Martinazzi (J. Eur. Math.
Soc. 16 (2014) 893-908) and Mancini-Martinazzi (Calc. Var. (2017) 56:94). As an application,
we used it to reprove existence of extremals for Trudinger-Moser inequalities of Adimurthi-Druet
type on the unit disc. Such existence problems in general cases had been considered by Yang
(Trans. Amer. Math. Soc. 359 (2007) 5761-5776; J. Differential Equations 258 (2015) 3161-
3193) and Lu-Yang (Discrete Contin. Dyn. Syst. 25 (2009) 963-979) by using another method.
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1. Introduction
Let Ω ⊂ R2 be a smooth bounded domain, W1,2
0
(Ω) be the usual Sobolev space, and (uǫ)ǫ>0
be a sequence of functions inW1,2
0
(Ω) satisfying the following equation

−∆uǫ = γǫuǫeu2ǫ in Ω
uǫ > 0 in Ω
uǫ = 0 on ∂Ω
(1)
for some real number γǫ > 0. It is of significance to study the blow-up behavior of uǫ , which
was initiated by Adimurthi-Struwe [3] and developed by Druet [8]. Particularly if (uǫ)ǫ>0 is a
sequence of solutions to (1) with ‖∇uǫ‖22 ≤ C and supΩ uǫ → ∞ as ǫ → 0, then it was proved by
Druet [8] that there exists finite points x1, · · · , xℓ ∈ Ω such that up to a subsequence γǫ → γ0 ∈
[0, λ1(Ω)], uǫ → u0 strongly in C1loc(Ω \ {x1, · · · , xℓ}) and weakly in W1,20 (Ω), where λ1(Ω) is the
first eigenvalue of −∆ with respect to Dirichlet boundary condition,
− ∆u0 = γ0u0eu20 in Ω, (2)
and ‖∇uǫ‖22 = 4πN+‖∇u0‖22+oǫ(1) for some integer N ≥ 1. This phenomenon is called the energy
quantization. Later such a problem for critical growth equations in the sense of Trudinger-Moser
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embedding received extensive interests, see for examples Martinazzi [14], Martinazzi-Struwe
[15], Lamm-Robert-Struwe [9], Adimurthi-Yang [4] and Yang [20]. Returning to (2), one may
ask whether u0 and γ0 can actually be nonzero, and whether N can actually be larger than 1. In
the case Ω = B1, the unit disc in R
2, Malchiodi-Martinazzi [11] gave a negative answer to this
question, namely
Theorem A. Let (uǫ)ǫ>0 be a sequence of solutions to (1). Then either (i) γǫ → γ0 ∈ [0, λ1(B1)],
uǫ → u0 in C1(B1), where u0 solves (2); or (ii) γǫ → 0, ‖∇uǫ‖22 → 4π, uk → 0 weakly in W1,20 (B1)
and strongly in C1
loc
(B1 \ {0}), and |∇uǫ |2dx ⇀ 4πδ0, γǫu2ǫeu
2
ǫ dx ⇀ 4πδ0 weakly in the sense of
measures.
Note that in TheoremA, ‖∇uǫ‖22 is not assumed to be bounded. It allows TheoremA to be applied
to locate the critical values of the Trudinger-Moser functional
E(u) =
∫
B1
(eu
2 − 1)dx
constrained to the manifold MΛ = {u ∈ W1,20 (B1) : ‖∇u‖22 = Λ}. For details we refer the reader to
([11], Theorem 1), which also gives the existence of blow-up solutions of (1) explicitly. Related
works are referred to Adimurthi-Prashanth [2] and del Pino-Musso-Ruf [6, 7].
Now let us summarize Malchiodi-Martinazzi’s proof of Theorem A as follows: Let cǫ =
uǫ(0) = maxB1 uǫ . If cǫ is bounded, then (i) holds by elliptic estimates. Hereafter it is assumed
that cǫ → ∞ as ǫ → 0. Set rǫ > 0 such that r2ǫγǫc2ǫec
2
ǫ = 4. Firstly they employed a function
sequence on Br−1ǫ as
ϕǫ (x) = cǫ(uǫ(rǫ x) − cǫ). (3)
It follows from (1) that 
−∆ϕǫ = 4(1 + c−2ǫ ϕǫ )e2ϕǫ+c
−2
ǫ ϕ
2
ǫ in Br−1ǫ
ϕǫ (0) = supB
r−1ǫ
ϕǫ = 0.
(4)
Elliptic estimates applied on (4) lead to
ϕǫ → ϕ0 = − log(1 + |x|2) in C1loc(R2).
Secondly they defined another function sequence wǫ = c
2
ǫ (ϕǫ − ϕ0) and proved that
wǫ → w0 in C1loc(R2), (5)
where
w0(r) = ϕ0(r) +
2r2
1 + r2
− 1
2
ϕ20(r) +
1 − r2
1 + r2
∫ 1+r2
1
log t
1 − t dt. (6)
Thirdly they wrote ϕǫ = ϕ0 + c
−2
ǫ w0 + c
−4
ǫ ηǫ . Using the ODE theory and the contraction mapping
theorem, they estimated the decay of ηǫ and used it to derive (ii) of Theorem A. Further analysis
on asymptotic behavior of w0 would lead to
‖∇uǫ‖22 = 4π + O(c−4ǫ ). (7)
To understand the sign of the error term O(c−4ǫ ) in (7), Mancini-Martinazzi [12] refined the
analysis in [11]. Precisely they expanded ϕǫ = ϕ0 + c
−2
ǫ w0 + c
−4
ǫ η0 + c
−6
ǫ φǫ . Again using the con-
traction mapping theorem, they proved that φǫ is uniformly bounded up to large scales. Moreover,
by analyzing the asymptotic behavior of the functions w0 and η0, they concluded the following:
Theorem B. Let (uǫ)ǫ>0 be a sequence of solutions to (1). Assume cǫ = uǫ(0) = maxB1 uǫ → ∞
as ǫ → 0. Then there holds
4π +
4π
c4ǫ
+ o(c−4ǫ ) ≤ ‖∇uǫ‖22 ≤ 4π +
6π
c4ǫ
+ o(c−4ǫ ). (8)
Surprisingly it was shown by Mancini-Martinazzi [12] that the energy estimate (8) can be
used to reprove the critical Trudinger-Moser inequality [16] and the existence of its extremals [5]
on the disc. Namely there exists a function u0 ∈ W1,20 (B1) with ‖∇u0‖2 = 1 such that∫
B1
e4πu
2
0dx = sup
u∈W1,2
0
(B1), ‖∇u‖2≤1
∫
B1
e4πu
2
dx. (9)
In this short note, we shall use the above method of energy estimates to reprove the existence
of extremals for Trudinger-Moser inequalities of Adimurthi-Druet’s type on the disc (see [1, 17,
18, 10, 19] for general versions), analogous to (9). To do this, instead of (1), we consider the
equation 
−∆uǫ − αǫuǫ = γǫuǫeu2ǫ in B1
uǫ > 0 in B1
uǫ = 0 on ∂B1
(10)
for two real numbers γǫ and αǫ . Adapting the arguments of Malchiodi-Martinazzi [11] and
Mancini-Martinazzi [12], we shall prove the following:
Theorem 1. Let (uǫ)ǫ>0 be a sequence of decreasing radially symmetric solutions to (10), where
γǫ > 0 and αǫ → α < λ1(B1). Let cǫ = uǫ(0) = supB1 uǫ . If cǫ → ∞ and lim supǫ→0 ‖∇uǫ‖2 < ∞,
then there holds
4π +
4π
c4ǫ
+ o(c−4ǫ ) ≤ ‖∇uǫ‖22 − αǫ‖uǫ‖22 ≤ 4π +
6π
c4ǫ
+ o(c−4ǫ ). (11)
Compared with Theorems A and B, there is an additional assumption lim supǫ→0 ‖∇uǫ‖2 < ∞
in our theorem. This is sufficient to ensure the convergence of ϕǫ and wǫ defined as in (3) and
(5). As an application of Theorem 1, we have the following:
Corollary 2. Let α < λ1(B1) be fixed. There exists a function u∗ ∈ W1,20 (B1) ∩ C1(B1) with
‖u∗‖1,α = 1 such that ∫
B1
e4πu∗
2
dx = sup
u∈W1,2
0
(B1), ‖u‖1,α≤1
∫
B1
e4πu
2
dx,
where ‖u‖2
1,α
= ‖∇u‖2
2
− α‖u‖2
2
.
This recovers ([19], Theorem 1) on the disc B1. Another application of Theorem 1 reads
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Corollary 3. There exists some α0 > 0 such that if 0 ≤ α ≤ α0, then the supremum
sup
u∈W1,2
0
(B1), ‖∇u‖2≤1
∫
B1
e4πu
2(1+α‖u‖2
2
)dx (12)
can be attained by some function u∗ ∈ W1,2
0
(B1) ∩ C1(B1) with ‖∇u∗‖2 = 1.
Corollary 3 is a special case of ([10], Theorem 1.2). Recently using energy estimates,
Mancini-Thizy [13] proved nonexistence of extremals for the supremum (12) when α is close
to λ1(Ω), where Ω is a smooth bounded domain in R
2.
In the remaining part of this note, we shall prove Theorem 1 and Corollaries 2 and 3.
Throughout this note, we do not distinguish sequence and subsequence, and various constants
are often denoted by the same C.
2. Proof of Theorem 1
For the proof of Theorem 1, we shall modify the arguments in [11, 12]. Let (uǫ)ǫ>0 be a
sequence of decreasing radially symmetric solutions to (10) for some γǫ > 0 and αǫ → α <
λ1(B1), cǫ = uǫ(0) = supB1 uǫ → ∞, ‖∇uǫ‖22 ≤ Λ and rǫ > 0 be such that
r2ǫ c
2
ǫγǫe
c2ǫ = 4. (13)
A key observation is the following:
Lemma 4. There exists a constant β0 > 0 such that r
2
ǫ e
β0c
2
ǫ → 0 as ǫ → 0.
Proof. In view of (10), we have
γǫ =
‖uǫ‖21,αǫ∫
B1
u2ǫe
u2ǫ dx
,
where ‖uǫ‖21,αǫ = ‖∇uǫ‖22 − αǫ‖uǫ‖22. Since αǫ → α < λ1(B1), there exists a constant C > 0 such
that C−1‖∇uǫ‖2 ≤ ‖uǫ‖1,αǫ ≤ C‖∇uǫ‖2. By the Ho¨lder inequality, the Sobolev embedding theorem
and (13), we have for any β < 1
r2ǫ e
βc2ǫ =
4
c2ǫe
(1−β)c2ǫ ‖uǫ‖21,αǫ
∫
B1
u2ǫe
u2ǫ dx ≤ 4
c2ǫ ‖uǫ‖21,αǫ
∫
B1
u2ǫe
βu2ǫdx ≤ C
c2ǫ
(∫
B1
e2βu
2
ǫdx
)1/2
(14)
for some constant C. Since ‖∇uǫ‖22 ≤ Λ, if β < 12Λ , then Moser’s inequality leads to∫
B1
e2βu
2
ǫ dx ≤ C.
This together with (14) and the assumption cǫ → ∞ gives the desired result. 
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Let ψǫ (x) = c
−1
ǫ uǫ(rǫ x) and ϕǫ(x) = cǫ(uǫ(rǫ x) − cǫ) for x ∈ Br−1ǫ . Then we have −∆ϕǫ = αǫr
2
ǫ c
2
ǫψǫ + 4(1 + c
−2
ǫ ϕǫ)e
2ϕǫ+c
−2
ǫ ϕ
2
ǫ
ϕǫ (0) = supϕǫ = 0.
By Lemma 4, αǫr
2
ǫ c
2
ǫψǫ converges to zero uniformly in x ∈ Br−1ǫ . As usual (see [11], Lemma 3)
we have that ϕǫ → ϕ0 in C1loc(R2), where ϕ0(x) = − log(1 + |x|2), and that
lim
R→∞
lim
ǫ→0
∫
BRrǫ
γǫu
2
ǫe
u2ǫ dx =
∫
R2
4e2ϕ0dx = 4π.
Let
wǫ (x) = c
2
ǫ (ϕǫ(x) − ϕ0(x)), x ∈ Br−1ǫ .
We calculate
−∆wǫ = αǫr2ǫ c4ǫψǫ + c2ǫ
(
4(1 + c−2ǫ ϕǫ)e
(2+c−2ǫ ϕǫ )ϕǫ − 4e2ϕ0
)
.
It follows from Lemma 4 that αǫr
2
ǫ c
4
ǫψǫ → 0 uniformly on Br−1ǫ . Similar to (5) ([11], Lemma 4),
there holds wǫ → w0 inC1loc(R2), where w0 is given as in (6). Then repeating the argument of the
proof of ([12], Propositions 12 and 14), we conclude∫
Brǫ ecǫ
γǫu
2
ǫe
u2ǫ dx = 4π +
4π
c2ǫ
+ o(c−4ǫ ), (15)∫
B1\Brǫ ecǫ
γǫu
2
ǫe
u2ǫ dx ≤ 2π
c4ǫ
+ o(c−4ǫ ). (16)
Note also that rǫe
cǫ → 0 by the above Lemma 4. Multiplying both sides of (10) and integrating
by parts, we obtain
‖uǫ‖21,αǫ =
∫
B1
γǫu
2
ǫe
u2ǫ dx.
This together with (15) and (16) implies (11). 
3. Proofs of Corollaries 2 and 3
3.1. Proof of Corollary 2
Let α < λ1(B1) be fixed. According to ([19], the formula (18)), for any 0 < ǫ < 4π, there
exists a function uǫ ∈ W1,20 (B1) ∩ C1(B1) such that∫
B1
e(4π−ǫ)u
2
ǫ dx = sup
u∈W1,2
0
(B1), ‖u‖1,α≤1
∫
B1
e(4π−ǫ)u
2
dx.
Moreover, by using a symmetrization argument, we may assume uǫ is a decreasing radially sym-
metric function. The Euler-Lagrange equation reads
−∆uǫ − αuǫ = 1λǫ uǫe(4π−ǫ)u
2
ǫ in B1,
uǫ > 0 in B1,
uǫ = 0 on ∂B1,
‖uǫ‖1,α = 1,
λǫ =
∫
B1
u2ǫe
(4π−ǫ)u2ǫ dx.
(17)
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Let u˜ǫ =
√
4π − ǫ uǫ . On one hand
‖˜uǫ‖21,α = (4π − ǫ)‖uǫ‖21,α = 4π − ǫ. (18)
On the other hand, if cǫ = uǫ(0) → ∞, then we have by using Theorem 1,
‖˜uǫ‖21,α ≥ 4π + 4πc−4ǫ + o(c−4ǫ ).
This contradicts (18) when ǫ is sufficiently small and implies that uǫ is uniformly bounded in B1.
Then applying elliptic estimates to (17), we have that uǫ converges to an extremal function u∗ in
C1(B1), as desired. 
3.2. Proof of Corollary 3
Using a direct method of variation and a symmetrization argument, for any 0 < ǫ < 4π and
0 ≤ α < λ1(B1), we can find a decreasing radially symmetric function uǫ ∈ W1,20 (B1) ∩ C1(B1)
satisfying ∫
B1
e(4π−ǫ)u
2
ǫ (1+α‖uǫ ‖22)dx = sup
u∈W1,2
0
(B1), ‖∇u‖2≤1
∫
B1
e(4π−ǫ)u
2(1+α‖u‖2
2
)dx.
Moreover, uǫ is a solution of 
−∆uǫ = βǫλǫ uǫeαǫu
2
ǫ + ζǫuǫ in B1
‖∇uǫ‖2 = 1, uǫ > 0 in B1
αǫ = (4π − ǫ)(1 + α‖uǫ‖22)
βǫ = (1 + α‖uǫ‖22)/(1 + 2α‖uǫ‖22)
ζǫ = α/(1 + 2α‖uǫ‖22)
λǫ =
∫
B1
u2ǫe
(4π−ǫ)u2ǫ dx.
(19)
Suppose that cǫ = uǫ(0) → ∞. By ([10], Lemmas 3.1 and 3.6), ‖uǫ‖2 → 0 and ‖cǫuǫ −Gα‖2 → 0
as ǫ → 0, where Gα ∈ W1,q0 (B1) (1 < q < 2) is a Green function satisfying −∆Gα = δ0 + αGα. It
then follows that
‖uǫ‖22 = c−2ǫ ‖Gα‖22 + o(c−2ǫ ). (20)
Let vǫ =
√
αǫ uǫ . Since ‖∇uǫ‖2 = 1 and ‖uǫ‖2 → 0, we have
‖∇vǫ‖22 = αǫ = 4π + oǫ(1). (21)
Clearly
−∆vǫ − ζǫvǫ =
βǫ
λǫ
vǫe
v2ǫ in B1.
ζǫ → α < λ1(B1) as ǫ → 0. In view of (21), there holds lim supǫ→0 ‖∇vǫ‖2 = 4π. Applying
Theorem 1, we obtain
‖∇vǫ‖22 − ζǫ‖vǫ‖22 ≥ 4π +
4π
v4ǫ (0)
+ o(v−4ǫ (0)).
6
This leads to
‖∇uǫ‖22 ≥ ζǫ‖uǫ‖22 +
1
αǫ
(
4π +
4π
αǫc4ǫ
+ o(c−4ǫ )
)
. (22)
One calculates
ζǫ‖uǫ‖22 = α‖uǫ‖22 − 2α2‖uǫ‖42 + o(‖uǫ‖42), (23)
1
αǫ
=
1
4π − ǫ
(
1 − α‖uǫ‖22 + α2‖uǫ‖42 + o(‖uǫ‖42)
)
. (24)
Inserting (23) and (24) into (22), we have
‖∇uǫ‖22 ≥ 1 − α2‖uǫ‖42 +
1
4πc4ǫ
+ o(‖uǫ‖42) + o(c−4ǫ ).
This together with (20) gives
‖∇uǫ‖22 ≥ 1 +
(
1
4π
− α2‖Gα‖42
)
1
c4ǫ
+ o(c−4ǫ ). (25)
Using elliptic estimates, one can find a sufficiently small α0 > 0 such that if 0 ≤ α ≤ α0, then
α2‖Gα‖42 ≤
1
8π
.
Hence in the case 0 ≤ α ≤ α0, (25) leads to
‖∇uǫ‖22 ≥ 1 +
1
8πc4ǫ
+ o(c−4ǫ ).
This contradicts ‖∇uǫ‖2 = 1 and concludes that cǫ must be bounded. Then applying elliptic
estimates to (19), we get the desired extremal. 
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